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We quantize a massive scalar field in de Sitter spacetime and derive the S-matrix for the general 
interacting theory. Using the general boundary formulation of quantum field theory, we also propose 
a new type of S-matrix derived from the asymptotic limit of the amplitude associated with a 
spacetime region bounded by one connected and timelike hypersurface. Based on previous works 
in Minkowski spacetime, we call this region the hypercy finder region. We show how the new S- 
matrix coincides with the usual one by constructing an isomorphism between the space of temporal 
■ asymptotic states of the traditional setting and the space of spatial asymptotic states defined on 

the asymptotic hypercy linder. 
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I. INTRODUCTION 
Oh" 

' The present paper is devoted to the study of the quantization of a real massive scalar field in de Sitter 

spacetime and to derive the S-matrix for a general interaction within the framework of the general boundary 
formulation (GBF) of quantum field theory (QFT). The GBF has recently emerged as a new powerful tool to 
describe the dynamics of quantum fields. The key idea on which the GBF is based resides on a generalization 
of the notion of amplitudes. To fully appreciate the novelties introduced by the GBF, it would be useful to 
^\ ' quickly review how evolution and transition amplitudes are usually described. In standard Minkowski-based 

quantum field theory, transition amplitudes are expressed as the scalar product between a state defined on 
an initial equal-time hyperplane, say £, evolved up to a final equal-time hyperplane by the evolution operator 
U(tf,ti), and a state defined on the final hyperplane, rj, namely in Dirac notation 



(v,t/\u(t f ,u)\Ui)- (i) 



The above expression is interpreted as the probability amplitude for the transition from the state £ to the 
state r) in the time interval (tf—ti). This represents the standard picture of dynamics understood as evolution 
from an initial state to a final one. The physical process described by ([1} involves the non compact region of 
Minkowski spacetime bounded by the two disconnected spacelike hyperplanes defined by the times ti and t f 
respectively. Now, if we are interested in the study of process involving a spacetime region naturally bounded 
by, say, one connected hypersurface containing timelike parts, the application of the above formalism turns 
out to be problematic: Indeed it is the standard notion of evolution that appears to be questionable since in 
this case the distinction between initial and final states is missing due to the connectedness of the boundary 
and a more general notion of evolution is needed. Other problems may appear in the usual S-matrix technique 
to calculate probabilities for scattering processes, in which one usually assumes that the interaction vanishes 
at asymptotic times, so that the initial and final state, now defined on temporal asymptotic hyperplanes, 
belong to the state space of the corresponding free theory. But how can we define the S-matrix if the 
interaction never vanishes or if for some reasons no temporal asymptotic states exist (as will be the case 
in anti-de Sitter spacetime)? Moreover, from an experimental point of view, infinitely distant regions are 
inaccessible, and real experiments always take place in finite regions of spacetime. This observation opens 
the question of the implementability of a fully local description of the dynamics of quantum fields, namely a 
description involving only compact spacetime regions 1 . While this is difficult or even incompatible with the 
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1 In pj a notion of local particle states, understood as quanta of a local field operator, was introduced and its relation with 
the standard Fock particle states analized. 
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standard techniques of QFT 2 , the GBF offers the appropriate framework for such description. More serious 
problems emerge in the study of quantum fields in curved spacetimes, apart from the one just mentioned 
relative to anti-de Sitter space. The class of problems we are referring to originates form the absence 
(in general) of symmetries of the spacetime metric preventing the availability of a privileged criterion to 
select a specific vacuum state of the field, which leads consequently to many inequivalent quantum theories. 
Furthermore, in this case, evolution is understood between arbitrary spacelike Cauchy surfaces that provide 
a foliation of the spacetime and in general results to be non- unitary [2j . The description of physical processes 
in a background- independent quantum context, as would be the case in quantum gravity, will entail even 
more radical problems requiring drastic departure from both technical and conceptual aspects of standard 
QFT 3 . 

The GBF not only brings a new viewpoint on QFT but may also solve some of the problems mentioned 
above. Indeed within the GBF a consistent description is implemented for physical processes taking place in 
arbitrary spacetime regions that are not consequently restricted to those involved in equation ([T]), namely 
regions defined by a time interval. The major novelty is then represented by considering regions with compact 
boundary, i.e. regions with a boundary hypersurface having both spacelike and timelike components. On 
the other hand, standard QFT can be recovered from the GBF by specializing the boundary hypersurface 
to the disjoint union of two Cauchy surfaces. In that sense the GBF represents an extension of the quantum 
theory. The basic ingridients of this new formulation are inspired by topological quantum field theory: state 
spaces are associated with the boundary of any spacetime region, and amplitudes are associated with the 
region and are given by maps from these state spaces to the complex numbers. These structures are required 
to satisfy a set of axioms assuring their consistency. Section IHII is devoted to the elucidation of these state 
spaces and amplitudes, which are introduced using the Schrodinger representation for the quantum states of 
the field, combined with the Feynman path integral quantization prescription 4 . Finally, a consistent physical 
interpretation can be given to such amplitudes and an appropriate notion of probability can be extracted 
from them [1, Q . It is important to emphasize that the GBF implements a manifestly local description of the 
quantum theory: Indeed the computation of the amplitudes takes into account only the states defined on the 
boundary and the dynamics, compatible with the specified boundary states, taking place in the spacetime 
region of interest. 

In a series of papers the GBF has been applied to study interacting scalar fields in Minkowski 0, § 
and Euclidean spacetime @. On the one hand the usual results of standard QFT have been recovered by 
considering time interval regions. On the other hand dynamics taking place in a new type of spacetime 
regions, namely regions bounded by a timelike and connected hypersurface, were described and a consistent 
probability interpretation was implemented. In Minkowski spacetime the region considered was a timelike 
hypercylinder, i.e. a ball in space extended over all of time, first introduced in [||. In the 2-dimensional 
Euclidean space of [9] the region was given by a circle. Notice that the connectedness of the boundary prevents 
a natural decomposition of the state space associated with it into a state space containing in-states and one 
containing out-states. Thus, the traditional picture of dynamics, entails by expression ([1]), has to be extended 
to a more general one. The key point is that the GBF provides a precise mathematical description (at the 
level of rigor of the path integral) as well as a suitable physical interpretation for processes characterized by 
these geometries. Furthermore, it has been shown the existence of an isomorphism between the state spaces 
associated with the boundaries of the hypercylinder in Minkowski space with the state space associated with 
the time interval region. Due to this isomorphism the interacting asymptotic amplitude defined from the 



2 By standard QFT we mean the Hilbert-space approach of QFT, in which the central object is the vector space of states given 
by a complex Hilbert space, with observables represented by self-adjoint operators acting on it. We do not refer here to the 
algebraic approach to QFT. 

3 Quantum gravity was indeed among the main motivations for the GBF. All the interest in a general boundary approach to 
quantum gravity resides in the possibility that the GBF can handle some of the major conceptual problems posed by any 
quantum theory not defined on a fixed background metric, such as the problem of time and the problem of locality [jj. By 
the problem of locality we mean the separation of the system of interest from the rest of the universe. While this is possible 
within quantum field theory, due to causality and the cluster decomposition principle, in the absence of background metric 
distant systems can not be separated and treated independently. 

4 It is important to mention that the GBF is a general framework to formulate quantum theories and is not bound to any 
particular theory. Nor to any specific quantization scheme consequently. However, a Schrodinger-Feynman quantization turns 
out to be useful and to work, at least at a formal level, in the specific situations considered so far. We mention the existence 
of new and more rigorous quantization scheme proposed by Oeckl in 
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large radius limit of the hypercylinder results to be equivalent to the S-matrix in the standard setting, when 
both can be defined. Analogue results were obtained for field theory in Euclidean space. 

The cases studied so far are restricted to flat-spacetime-based QFT. Here we take a further step by 
considering the quantum theory of a scalar field in a curved spacetime, specifically in de Sitter spacetime. 
The de Sitter spacetime presents many interesting features. First, because of its high degree of symmetry, 
the dynamics of quantized fields propagating in it is exactly solvable and many of the properties of the fields 
can be studied analytically Q. Moreover, in the inflationary cosmology scenario de Sitter space models an 
exponentially expanding universe at the initial stage of inflation (To| . De Sitter space has also attracted new 
interest in connection with the conjecture of the dS / CFT correspondence proposed almost a decade ago by 
Strominger [IT| . 

In this article we will quantize a real massive minimally coupled scalar field in de Sitter spacetime within the 
GBF. The main result consists in the derivation of the expression of the S-matrix for the general interacting 
theory in two different contexts. The first one is represented by the standard settings of QFT, where the field 
evolves between spacelike Cauchy surfaces. The second one is inspired by the geometry of the hypercylinder 
in Minkowski space: evolution takes place in a non-compact spacetime region bounded by one timelike 
connected hypersurface on which the quantum states of the field are defined. In particular this hypersurface 
is at fixed distance from the temporal axis of de Sitter space, and will be called the hypercylinder in analogy 
to the Minkowski case. The S-matrix for the hypercylinder region is given by the asymptotic amplitude 
(at spatial infinity) for the specified quantum states. These two S-matrices will be shown to be equivalent 
by the existence of an isomorphism between the state spaces associated with the corresponding asymptotic 
hypersurfaces, hence extending to de Sitter space the results of [7H9|. Part of the results presented here were 
announced in a previous paper (l2j . 

The outline of the paper is as follows. In Sec. |TT]we present the two spacetime regions we will be interested 
in and solve the Klein-Gordon equation in the different coordinate systems chosen in the two regions. In Sec. 
Mil the main structures of the GBF are introduced. In Sec. HVI the free scalar field is quantized in the region 
with spacelike boundary, namely the time interval region bounded by two equal-time hypersurfaces. We 
start by expressing the field propagator and then introduce the vacuum state and coherent states. Finally 
the asymptotic amplitude, interpreted as the S-matrix for the free theory is computed. We then treat the 
interacting theory in Sec. [V] in two steps: First the asymptotic amplitude in the case of an interaction 
with a source field is derived and subsequently we use functional methods to work out the S'-matrix for 
the general interacting theory. In Sec. I VI I we quantize the free field in the hyercylinder region, following 
the treatment of Sec. IIVI after introducing the main structures we obtain the expression of the asymptotic 
amplitude for coherent states defined on the hypercylinder. Sec. IVIII deals with the interacting theory 
and the asymptotic amplitude is derived following the same steps of Sec. [Vl In Sec. I Villi we show the 
existence of an isomorphism between the asymptotic Hilbert spaces associated with the boundaries of the 
two geometries in question and prove the equivalence of the asymptotic amplitudes under such isomorphism. 
Sec. IIXI contains our conclusions and an outlook. A few technical details are collected in appendix [A] and 
appendix iBl 



We begin in this section by studying the classical theory of a real massive minimally coupled scalar field 
in de Sitter spacetime. The action in a spacetime region M is given by 



where we use the notation = d/dx^, and g = detg^ denotes the determinant of the de Sitter metric. 
Via an integration by parts, the action of a classical solution (f> c i of the equation of motion obtained from 
([2]) reduces to a boundary term, 



II. CLASSICAL THEORY 




(2) 




(3) 



where s indicates generic three dimensional coordinates on the boundary dM of the region M, d n is the 
normal outward derivative to dM, namely d n = n^d^ with the normal to the surface and is the 
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determinant of the 3- metric induced on dM. In the following subsections two different regions M will be 
considered. First we will be interested in a region with spacelike boundaries specified by constant values 
of the de Sitter time (defined below). Then, the second region we will look at is a region with timelike 
boundaries determined by constant values of the radial distance from the origin of de Sitter spacetime. Our 
main goal will be to provide an expression for both the action and the classical field cj) c i in terms of the 
boundary field configurations tp, 

< t>( x )\ x edM = l P( s )- ( 4 ) 



A. Region with spacelike boundary 

The first geometry we will consider is appropriately described in terms of a coordinate system (t, x), where 
the de Sitter metric takes the form 
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d.s 2 = *L (d* 2 - dx 2 ) , (5) 

where t € (0, oo), x £ R 3 and R denotes the inverse of the Hubble constant. This coordinate system covers 
the half of de Sitter space, the remaining half can be included by extending the domain of the conformal 
time t to negative values. We consider a region M of de Sitter spacetime bounded by the disjoint union of 
two hypersurfaces of constant conformal time t, namely Si = {{t,x) : t = ti} and £2 = {(£>2l) : t = t 2 }, 
with t\ < t 2 . We denote this spacetime region, M = [ti,t 2 ] x M 3 , simply by [ti,t 2 ]. 

The action of a real massive minimally coupled scalar field <f> in this region [t\, t 2 ] is given by 



5 r (<*♦>*-?<* 



S[ tl ,t 2 ]W = 2 / d * / _ d £72- I (W - l^id^Y - m'tf ] • (6) 



The Klein-Gordon equation satisfied by the field <f> has the form 

= 0, (7) 



where A x is the Laplacian operator in the coordinates x. This equation can be solved by the method of 
separation of variables and the general solution can by written as [13| 

f r\3L, 

0(t, *) = / («* (*) e " " + Mt) e- lk ^) , (8) 

where 

v k (t) = t^ 2 ( Cl (k)J u (kt) + c 2 {k)Y u {kt)) , (9) 
where k — |fc|, J v (z) and Y v {z) are the Bessel functions of the first and second kind respectively, with index 



. — (mR) 2 , and ci(k) and c 2 (k) are two coefficients. In order for the classical solution ((HJ to be 

bounded in the spacetime region M the components of the 3-vector k have to be real. Consequently the 
modulus k is a non negative quantity, k > 0. 

It will be convenient to express the classical solution © in a different form, 

<t>(t,x) = {J v {kt) V j) (x) + {Y v {kt) VY ) (x). (10) 

In this expression the Bessel functions J v and Y v represent operators acting on the field configurations ipj 
and ifY respectively. The relation between these field configurations and the boundary field configurations, 
indicated by ipi and ip 2 on the hypersurfaces Si and S2 respectively, namely 



(fii{x) := <t>{t\,x) and ^afe) := 0(^2,^), 



(11) 



is given by the matrix operator equation 

<Pi\ _ (Mkki) Y v (kti)\ (<pj\ n9 , 
<p 2 ) \Ju(kt 2 ) Y u (kt 2 )J \<p Y ) { > 

Inverting this equation we obtain for the field the following dependence on the boundary field configurations. 

where the quotients have to be understood as operators acting on a Fourier expansion of the boundary 
configurations ipi and ip 2 , and the operator 5k is defined as 

S k (z, z) := z 3/2 z 3/2 [J v {kz) Y v (kz) - Y v (kz) J v (kz)\ . (14) 

The expression (Q~3|) allows the evaluation of the action ((6|) for a classical solution of the Klein-Gordon 
equation in terms of the boundary field configurations ipi and ip 2 . The result is 

SimM) = fa W \*M (^) , (15) 

where the W[ tl ,t 2 ] i s a 2x2 matrix with elements W^^i, = 1, 2), given by 

^ " t\ V2ti J v [kt{)Y v {kt2)-Y v {kt{)J v {kt2)) ' 1 ' 



n5k{h,t 2 ) 

w (2,2) R 2 ( 3 Mkh)Yl(kt 2 ) -Y„(kh) J'Jkt 2 ) . 

ft - t21 " t\ \2t 2 j„(ifeti)y v (*rt2)-y„(fcti)j v (fct 2 ) ' 



where a prime indicates the derivative with respect to the argument. These matrix elements have to be 
understood as operators acting on the boundary field configurations. 



B. Region with timelike boundary 

The second geometry we are interested in is conveniently described in terms of spherical coordinates in 
space, defined by three parameters: r € [0, oo), 6 £ [0, 7r) and ip £ [0, 2ir). The de Sitter metric §5§ in this 
coordinate system takes the form 

ds 2 = — (dt 2 - dr 2 - r 2 d$ 2 - r 2 sin 2 d dtp 2 ) . (19) 

It will be useful in the following to adopt fl as a collective notation for 8 and (p. Two different spacetime 
regions will be considered: The first region is bounded by one hypersurface of radius r, denoted by S e = 
{(t, r, Cl) : r = g}. In analogy with the case of Minkowski spacetime, we refer to the hypersurface E e as 
the hypercylinder of radius g. The second region is the spacetime region in between two hypercylinders of 
different radii T, g and Eg. Both these regions have timelike boundary, in contrast to the region [tj^ta] of 
the previous subsection. Moreover, the region enclosed by one hypercylinder has a more exotic property: its 
boundary is not the disjoint union of two disconnected hypersurfaces, it is completely connected. 
The Klein-Gordon equation in the metric (TT9"]) reads 

^ [d 2 t - A r - An] ~ j^dt + m 2 J 0(t, r, ft) = 0, (20) 

where 

A r = 4r d r (r 2 d r ), and \ a = —L- d^suxti d#) + - 1 2 - 2 (21) 



(. 



The bounded solutions of (|20[) in the region bounded by one or two hypercylinders can be expanded as 
follows 

/oo OO I 

(t, r, n) + c.c.) , (22) 

-°° Z=n m=-i 

where ak,i, m & re coefficients and with Uk,i jm we denote the unnormalized modes 

u fc ,,, ro (t,r s n) = & 2 J&(kt) y, ro (fi) (ci(fe)i,(*r) + C2(fc)n,(fcr)) . (23) 

The coefficients ci and C2 are in general different from those introduced in the previous section. YJ m are the 
spherical harmonics satisfying the equation 

(A n Ynm = - l -^±^Yr(n). (24) 

In the modes (|2"5) l. jj and denote the spherical Bessel functions of the first and second kind respectively, 
solutions of the equation 

(Arj,) (kr) = f^ll _ k ^ Jl{kr): (25) 

and the same equation is satisfied by n\. Notice that for the spacetime region enclosed by the hypercylinder, 
where the origin (r = 0) is part of the region, the coefficient C2 in (|23p will be zero and the radial component 
of the modes Uk,i, m will reduce to the spherical Bessel function of the fist kind, ji. The reason lies in the 
singular character of n\ in the origin, whereas ji remains finite fl4j . On the other hand, the spacetime region 
bounded by two hypercylinders does not contain the origin, and both ji and ni will appear in the modes 

Finally, the function in (|23p is proportional to the Bessel functions of the third kind of order v, H v , 
as called Hankel function 5 , 

JC{kt) = e iu */ 2 H v {kt). (27) 

In order for the Hankel function to be bounded k must be real. 

Consider the region with the hypercylinder of radius g as boundary. In the following we will refer to 
this region simply by g. 6 The classical solution of ([2U|) matching the boundary field configuration on the 
hypercylinder, i.e. for r = g, can be written as 

#t,r,fi) = (!^^(t,fi), (28) 

where the quotient of spherical Bessel functions as to be understood as an operator. The action ([3]) associated 
with the region g takes the form 

SM = ~\ J dtdQ^^^^^IM^ (t,fi), (29) 

where the prime indicates the derivative with respect to the argument. 

We now turn to the spacetime region bounded by two hypercylinders of different radii, g\ and g%, indicated 
by [gi, Q2\. Let ipi and y? 2 denote the boundary field configurations on r = Qi and r = gi respectively. The 



5 Working with instead of H v turns out to be more convenient due to the following property, 

J€ v {-kt) =~M(kt). (26) 

This relation follows from the analytic continuation of the Hankel function [151 and will be used in many occasions in the 
rest of paper. 

6 The symbol g should not be confused with the symbol p denoting the amplitude in the subsequent sections. 
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classical solution of the Klein-Gordon equation reducing to these field configurations on the boundary of 
[f?i, 02] is relate to ipi and ip 2 via 

r, O) = ( («, + (£#^U) («, A), (30) 

V A k(2i,£2) / \A fe (01,02) / 

where the function A& is to be understood as an operator defined by 

A* (01, £2) = ji{kgi)ni(kg 2 ) - ni(kgi)ji(kg 2 )- (31) 
The action © of the field ([30]) is then 

= ljdtdn ^) W [ei , e2] M , (32) 
where the W[ ei , e2 ] is a 2x2 matrix with elements Hy*j ^i, {i, j = 1, 2), given by 

w (l,2) _ w (2,l) _ ^ 1 f o 4l 



i 2 fcAfc(gi, £12) ' 



w (2,2) _ -R 2 2 fc(J fc(gi,g 2 ) 

j - t^ 2 (35) 

The function is to be understood as an operator defined as 

c/fe (01,22) = jl(kgi)n' l (kg 2 ) - ni(kg 1 )j[(kg 2 ). (36) 

The expressions of the action of a classical solution of the equation of motion in terms of the boundary 
field configurations for the different spacetime regions considered, (fT5|) . (|29|) and (|32| . will be an important 
ingredient for the computation of the quantum field propagator, as will be clear in the next section. 



III. QUANTUM THEORY 

According to the axioms of the GBF, a Hilbert space T-Ly, of states is associated with each hypersurface E. 
The quantum states in this Hilbert space are described in the Schrodinger representation, namely quantum 
states are wave functionals on the space of field configurations K-£. The inner product in is defined 
through an integral over field configurations, 

{faWz) ■= I VvMy) M<p)- (37) 

The evolution of a quantum state "0s € He to a quantum state ipf, G is given in terms of the field 
propagator Z^, £, associated with the spacetime region bounded by the two hypersurfaces E and E, 

iPz(<P)= V<P'<h(<P)Z\E,Z](<P,<p)- (38) 

The field propagator Z^, g, encodes the evolution from the field configuration ip on the hypersurface E to 
the field configuration cp on the hypersurface E. It is defined by the Feynman path integral as 

Z [sM (ip,<p)= f V<pe iS ^ W , (39) 

J<P\ s =ip, <t>\j.=tp 

the integral is extended over all field configurations <fi in the spacetime region bounded by the two hypersur- 
faces E and E that reduce to ip on E and to (p on E, and S,^ £1 i s t ne action integral over this spacetime 
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region. The path integral ([31?)) can be formally evaluated by shifting the integration variable by a classical 
solution (p c i of the equation of motion derived from gi , matching the boundary configurations ip and tp 
on the boundaries of the region. Explicitly, 

Zp iti (ip,tp)= [ V(j> e iS l^ W = f p0 e iS [ S ,fi]W'+^) = N { ^ t] e iS l^n^\ (40) 

J<j>\-B=ip, 4>\-£=<l> J 4>\-n=<l>\t.= 

where the normalization faction is formally given by 

iV [sS] = I VjxFwMM. (41) 

Finally, an amplitude p^ g, is associated with the spacetime region [£, S] and a state ip^ <8 t^e in the Hilbert 
space associated with the boundary <9[E,E], gi = "Hs ® %|,. The amplitude p^ g, : W a r s gi — > C is 

defined as 



Pp£](i>v ® ip±) = J T>yV<pip-z(ip) ip t (<p)Z [s ^(tp,<p). (42) 

In the following sections we will apply this formulation to describe the quantum dynamics of a scalar field in 
de Sitter space. In particular the expressions of the field propagator and amplitudes of quantum states will 
be explicitly worked out in three cases: we will start with the free theory defined by the free action (j6]), then 
the interaction with an external source field will be considered, and finally we will use functional derivatives 
techniques to treat the case of a general interaction. 

IV. REGION WITH SPACELIKE BOUNDARY - FREE THEORY 

A. Field propagator 

We evaluate the field propagator associated with the spacetime region [tijia] of Section HH Substituting 
the expression (|T5|) of the classical action of the scalar field in terms of the boundary field configurations <p>\ 
and <p2 in (|40p leads to 

%,t 2 ],o(^i,^ 2 ) = N [tlM! o exp f i J d 3 x (<pi <p 2 ) W [tlM , (43) 

where the normalization factor is determined by the gluing properties of the field propagator (an additional 
subscript has been written in the field propagator and the normalization factor in order to indicate that 
these quantities refer to the free theory). The proof of the consistency of the definition (|4"5")l is provided 
by the composition rule satisfied by the field propagator: The evolution in the variable t from t± to t 2 and 
subsequently from t 2 to t 3 must equal the direct evolution from t\ to t 3 . This composed evolution can be 
expressed in terms of the following equation, 



%,t 3 ],o(vi> fs) = / "Dipt Z [tuta]>0 (tp U (p2) Z [t2>ts]>0 (<p2,(p 3 ). (44) 

The propagator (|43[) satisfies such composition if the normalization factors corresponding to the three regions 
are related by 

%, ta]l o = N [tut2] , N [t2M , /^ 2 exp (1 / d'^fe) sJJXt^f 2 ) fe) ) • (45) 



The solution turns out to be 

/ iR 2 \ 1/2 



(46) 
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We are now in the position to check the unitarity of the quantum evolution implemented by the field 
propagator. Indeed, in this context the unitarity is translated in the following condition (H, [|[, 



v f2 Z[ tl)t2 ](<pi,¥> 2 ) Z [tl j 2] {ip[,ip 2 ) = S(<pi - (f[). 
For the free field propagator (|4"3")l we have 



(47) 



Vt f2 Z [tlM]fi (tf U Lp 2 ) 2[ tl , t2 ] )0 (vi,iP2) 



= \N\ 



[*i,t 2 ],ol 



T>ip 2 exp i / d 3 xip 2 



2R 2 



-(if! - If'j) 



x exp ( i / d 3 x(if 1 + ip'j) 



R 



3 , k J' v {kt x )Y v {kt 2 ) -YKkh) J u {kt 2 ) 



t\ \2t x ' " J v {kh)Y v {kt 2 ) -Y v {kh) J v {kt 2 ) 



(fx - f'l) 



|i%,t 2 ],o| 2 det 



2ii? 2 



Tr 2 S k (ti,t 2 ) 



1/2 



5((p! - ip[). 



(48) 



Using (|4"u| . the product of the first two terms on the right-hand side above equals 1, and consequently 
the condition (|4T|) is verified. Therefore we conclude that the field propagator (|4"3")) implements a unitary 
quantum evolution in the variable t for the free scalar field in de Sitter space. This was shown in [16j in a 
general setting, but we nevertheless present the detailed steps here and verify them independently. 

A well known property of the de Sitter space is that in the limit in which the curvature goes to zero de 
Sitter space tends to Minkowski space. Recalling that the Ricci scalar is proportional to R~ 2 0, we can 
recover the Minkowski metric from the de Sitter metric ([5]) by considering the limits R — > oo and t — > oo in 
such a way that R/t — >• 1 , 



lim 5 = 1. 



H- 
t— 



f 



(49) 



We now show that the free field propagator (|4"3")l reduces to the free field propagator in Minkowski space 
evaluated in (H . The Bessel functions of the first and second kind have the following asymptotic expansions 
for large values of their argument 



J v (x) = 
Y v {x) = 



2 / / 7T 7T 

cos x — v 

TTX \ V 2 4 

2 / . / 7T 7T 

sin x — v 

TTX \ \ 2 4 



(50) 
(51) 

Taking the limits defined by (|4"9")l and using the expansions ([5U)) and (f5"Tj) . the matrix elements W^^, 
(|16I17I18P reduce to 



+ o(x- 1 )) 
+ o(x- 1 )). 



W, 



(i,i) 
H,t 2 ] 

(1,2) = 
ti,t 2 ] 



k 



cos k(t 2 — 1\) 



w 



sin k(t 2 

(2,1) _ 



k 



w. 



(2,2) 

[tiM 



cos k(t 2 



sin k(t 2 



sin k(t 2 — ti) 



(52) 
(53) 
(54) 



These matrix elements equal those derived in Minkowski space (see 0, [H, [l?}) providing the identification 
k = u> holds, where uj is the operator yj— + to 2 . Moreover, it is easy to show that the normalization 
factor (|46|) reduces to the one in flat spacetime. Therefore we conclude that the free field propagator in de 
Sitter space (|4"3")) coincides with the one in Minkowski space in the limit defined by (14TJ1) . 
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B. Vacuum state 

We compute the vacuum state on the hypersurface of constant conformal time t. The starting point is the 
following Gaussian ansatz for the vacuum wave function, 



iptfiif) = C t ex P 



1 



d 6 xtp(x)(A t ip)(x) , 



(55) 



where Ct is a normalization factor and A t denotes a family of operators indexed by t. The explicit form of 
the operator A t has been given in [l8| . and the form of the vacuum wave function results to be 



if R 

iptfliv) = °t ex P ( 2 / d3 -72" ^fe) 



H' v {kt) 



fix) 



(56) 



H v {kt) 2t 

The requirement that the vacuum state is normalized to 1 fixes the normalization factor Ct up to a phase 



\C t \~ 2 = J Vipexp f-i y d 3 ^(:r)- 



4i? 2 



t 3 |ff„(H)| 



det 



2i? 2 



-1/2 



(57) 



The phase of the normalization factor is fixed by the relation between two vacuum wave functions defined on 
hypersurfaces of different conformal time. In particular the vacuum wave function (|56[) satisfies the identity 

(58) 



-0*2,0(^2) = J Vipi tpt u o(y>i) z [tltt2]i0 (ip 1 ,ip 2 ), 

which implies the following identity for the normalization factors 

2LR 2 t 3 2 /2 H u (kt 2 ) 
TrS k (t u t 2 ) t 3 / 2 H„(kt 1 )_ 
1/2 



C t2 = C tl N [tlMfi I Xyicxp|-i / d^xifi! 



<Pi 



c ti N [tiMfi det 



ii? 2 t 3 2 ' 2 H v (kt 2 ) 



T 2 4(ii,t 2 ) t 3 i 2 H v (kt 1 ) i 
Substituting Nu lt t 2 ].o with its expression (|46|) . we arrive at 



(59) 



C t2 = C tl det 



' t 3 2 /2 H v {kt 2 ) 
t 3 Hy(kt\) 



-1/2 



This suggest the following solution for the normalization factor Ci, 

/ r- \ V2 

C t = det 



nt 3 / 2 H„(kt) 



(60) 



(61) 



The asymptotic limit, according to the prescription (|49[) . of the vacuum wave function (|56[) coincides (up 
to a phase factor) with the vacuum wave function defined on equal time hyperplanes in Minkowski space, 
namely 



iptfi (<p) = det 



k e 



-\1kt 



1/4 



ex P ( ~§ / d3 £yfe)(M(£) ) > 



(62) 



providing the identification k — oj holds (see (5, M. ll7|V 



Coherent states 



In previous works |7H9lll2l| coherent states have been an essential tool for the computation of the asymptotic 
amplitudes. We follow here the same approach of these works, and define coherent states for the Klein-Gordon 
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field in the Schrodinger representation on the hypersurface of constant t, in terms of a complex function 77 
by the expression 

^» = K t<v exp (^j r,(k) e^<p(x)\ (63) 

where the normalization factor K t ^ is given by 

K t , v = cx p (-^ / (Qs ^\ H Akt)\ 2 (v(kH-k) + \v(k)\ 2 )^j ■ (64) 

The inner product of two coherent states defined by the complex functions 771 and 772 results to be 

(^|^,m)=«p(-| / ^^\HAkt)\ 2 (\m(k)\ 2 + \v2(k)\ 2 -2^) m (k))y (65) 
The coherent states satisfy the following completeness relation 

D~ l [d^drj 1^X^1=1, (66) 



with / being the identity operator and the constant D is given by 

l3h f3 



D = J di^exp^-- | ^^\ Hu {kt)\^{k)\^j . (67) 



The characteristic property of coherent states is to remain coherent under the action of the free field propa- 
gator, 



Tptimifz) = J v ^i^t um (^i) Z [tut2]fi ((pi,(p 2 ), (68) 

This equation yields the following relation for the complex functions 771 and 772 defined on the hypersurfaces 
t = t\ and t = ti respectively, 

m{k) = % Hv{ktl) m{k). (69) 

Hence, the product £(/c) = t 3 ^ 2 H v (kt) rj(k) is preserved under free evolution in the variable t. It will be 
useful to define the interaction representation in terms of the function £. The coherent state defined as 

W" " ** ° p (/ W e ^ <3;) ) **<<* m 



is invariant under free evolution. We will adopt (|70[) as the interaction representation for coherent states. 
The normalization factor in (|70j) is equal to 



Coherent states can be expanded in terms of multiparticle states as 

lM¥0 = exp(-g^ | (03l^)| 2 )E^ / d^i-" / d 3 fc n e(fci)--^(fc„)^ 1 ,...,fc n (^), (72) 

where ipt.k 1 ,--- ,k denotes the 77,-particle state in the interaction picture with quantum numbers k 11 . . . ,k n . 
The inner product between a coherent state and a multiparticle state then results in being 

<tW"JJW=«*(-b|s / ^m\ 2 )tth)---t(k n )(^y. (73) 
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D. Asymptotic amplitude 

We compute in this section the amplitude (|4"2")l associated with the spacetime region [t\ , t 2 \ in the case of 
the free theory. Considering the state given by the tensor product of two coherent states in the interaction 
representation defined at times t\ and t 2 by the complex functions £1 and £2 respectively, such that tpti,£\ ® 
ipt 2 ,^2 € %i . 1 where we denote with H tl the Hilbert space associated with the hypersurface t = t\ and 
with Ht 2 the Hilbert space associated with the hypersurface t — t 2 with the same orientation. The amplitude 
for the non interacting theory is obtained from (1421) and can be interpreted as the transition amplitude from 
the coherent state ipti,^ to the coherent state ■0 i2i ^ 2 , 



This amplitude is by construction independent of the initial and final times t\ and t 2 , and reduces to the 
inner product between the coherent states ipti,£i ano ^ V^.fo) 

P[tM(^ ® VWT) = exp | ^=3 i (|£i(fc)| 2 + |6©| 2 - 26(1)6®)) = (^ 2 |V'6>. (75) 

We can then trivially take the limit for asymptotic values of the times t\ and t 2 and interpret (|75p as the 
elements of the S-matrix Sq of the free theory, 

(VySofeH (^fe). (76) 

V. REGION WITH SPACELIKE BOUNDARY - INTERACTING THEORY 

We now turn to the study of the interacting theory. We will start in the next section by considering 
the interaction of the scalar field with a source field confined inside the spacetime region of interest. The 
amplitude derived in this case will then be used in the subsequent section to express the amplitude for a 
general interaction by means of functional derivative techniques, following the same approach as in [8j 

A. Theory with source 

Consider the interaction of the scalar field with a real source field n described by the action 



%,t,],^W = S[t u t 3 ],o(4>) + J ^x^/-g(x)n(x)(t)(x), (77) 
where St tl ta i is the free action We assume that the source field fi vanishes outside the spacetime region 

[hM- 



1. Field propagator 

The field propagator corresponding to the action (|77|) can be evaluate with the same technique applied in 
Section irm namely shift the integration variable of the path integral by a classical solution of the free theory 
matching the boundary configurations ip.\ and tp% on t = t\ and t = t 2 respectively. The field propagator 
then results to be expressed in terms of the free field propagator (|43l) . 

z \t u H>A^^ = [tl ' t2l ' M Z [tut2l0 {(p 1 ,(p 2 ) exp (i [ ^x^ix^ip^x) + fi 2 (x)(p 2 (x))) , (78) 

iV [t!,i 2 ],0 \ J J 



13 



where the subscript /i has been added to the quantity referring to the interacting theory. The quantity /xi 
and /X2 in the right-hand side of (|78|) are defined as 



jUi(x := / dty/-g(t,x) l^{t,x), 
^(x) := [ dty/-g(t,x) ^ k j\ 1, *\ v(t,x). 



The normalization factor N[ tlt2 ^ fx is formally equal to 



] \t 1 =4>\t 2 =o 



(79) 
(80) 

(81) 



Again we evaluate the integral by shifting of the integration variable. In this case we shift (f> by the function 
a, solution of the inhomogeneous Klein-Gordon equation 



2t 



with vanishing boundary conditions, 



R 2 



a(t,x) — /i(i,x), 



a| t=tl = a\ t =t 2 = 0. 



The function a results to be 



a(x)= / dVfsMGtv')^'), 



(82) 



(83) 



(84) 



where G(x,x') is the Green function of the Klein-Gordon equation, with vanishing boundary conditions, 
given by 



where 9(t) is the step function 

_ fl if t>0, 
m ~ \0 if t < 0. 

Finally the noramlization factor (|8ip can be written as 

N lti,t*],i* = N [ti,t 2 ],o ex P ^ / d 4 a; dV yj g(x')g(x) fj,(x) G(x, x') fJ,(x') 
Substituting in (|78|) . we obtain for the field propagator the expression 

ZlHMA^'W) =Z [tut2]:0 (ip 1 ,ip 2 ) exp (i / d 3 x{n 1 (x)ip 1 (x) + ^ 2 (x)ip 2 (x)) 



(85) 



(86) 



(87) 



x exp ( - 



t u t 2 ] 2 



d 4 x d 4 x' y g(x')g(x) /i(x) G(x, x) jJ.(x') 



It can be shown that the propagator (155)) satisfies the composition rule analogue to (|4"4l . 

^[ti.i^^C^itVs) = / V<f2Z [tl j 2] ^(pi,tp 2 ) Z [t2tt3] ^(if 2 ,^ 3 ). 



(89) 
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The unitarity condition (|4"7j) for the field propagator ([75)1 reads 



^2 ^[t 1)t3 ],o(vi, Va) ^[t 1>t2 ],o(Vi, Pa) 



N [tiMfi 

x exp I i / d z xiJLi(x)(ifi(x) - tp' x {x)) ) , 



V<P2 Z [tlM] ^(Lp 1: <p 2 ) Z [tlM ^(L P ' ll ip 2 ) 



(90) 

We notice that the quotient of the normalization factors has modulus one because of the reality of the source 
field n and the Green function (1551 appearing in the exponential in right hand side of (1571) . Recalling the 
result obtained in Section (|IV Aft , the integral in tp% gives 

Vl P2 Z[ti,t 3 ]A<Pi< <P2) z [tiMA ( Pi>'P2) = ex P J d3 2Mife)(^ife) ~ <Pi(%))) 8(<Pi - <Pi) = s (<Pi - Pi)- 

(91) 

We conclude that the quantum evolution implemented by the field propagator in the presence of a source 
field is unitary. 

2. Asymptotic amplitude 

The amplitude P[t lt t 2 },^ associated with the transition from the coherent state ipti,£,i to the coherent state 



P[t u t 2 ]A^tuii ®^t 2 ,&) = / VpiVw^ti&ivd^h&i^ZfatdAvi'W)- ( 92 ) 

Using the expression (J75J of the field propagator and introducing two new complex functions £1 and £2 
defined as 

£i(k) ■= £,i{k) + it\ /2 H y {kt 1 ) j d^e-^Mife), (93) 

Uk) := &(k)-it 3 2 /2 H u (kt 2 ) J d 3 xe^[i 2 (x), (94) 



we can rewrite (192)) in terms of the free amplitude (|74|) for the coherent states defined by the functions £1 
and £2 in the form 



P[txMA^Ai ® ^W») = P[t 1 ,i 2 ],o(V' tl ,f 1 ® V , t 2 .| 2 ) ' • (95) 
With the expressions (1751) . (|87|) and (fTTj) . we finally arrive at the following result, 

/0[ti,i 2 ],/i(^i,ei ®^W 2 ) = P[ti,t 2 ], 0(^,6 ® V , t2,« 2 ) ex P o / d 4 a; dV ^ g{x')g{x) (i(x) G(x, x') fi(x') 



x exp 1 



d 4 x^^jn(x)i(x)+ 1 - [ d 4 x d 4 x' ^g{x')g{x) fi(x) 0(x, x') fi(x') ) , (96) 



ti,t 2 ] 2 J[tiM] 



where the complex function £ is the complex classical solution of the Klein-Gordon equation determined by 
£1 and £ 2 , 

fo) = 4^/^ (6©i 3/2 W^l6fflt 3/3 4M^-) ■ (97) 
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This equation establishes a one-to-one correspondence between pairs of coherent states parametrized by pairs 
of functions (^1,^2) and complex solutions £ of the Klein-Gordon equation. The function /3 in the right hand 
side of is defined as 



d 3 fc / 5 k {tMW M) 1 



2R 2 J (2tt) 

ik-(x—x ) 



d k {ti,t 2 ) 2 2 



x e 



(98) 



The combination of the Green function G with the function j3 according to (|96p gives 
G F (x,x') := G(x,x')+p(x,x'), 

= if? J ( 2i0 ( ^ - ^ O4(^,^O + i4(^^^) + (^'O 3/ M^(fcO^(fc^) + ^(^O^(fc^)] 

x e i i'(E-E') j 

= i^J (S* (i ' i)3/2 " 0^(**W*0 + - H„(kt)H^kFj) e *-(2-2'). (99) 

This expression can be related with the Feynman propagator for the scalar field in Minkowski spacetime via 
the asymptotic limit defined by (|l9"]l. The limit of ([9"5]). 



(100) 



Gf(x,x') = i I ^f 2fc («((-(')e it( '- f) +«(('-i) e it( '-'' ) )^' ) , 



results to be equal to the epxression of the Feynman propagator for a massless scalar field in Minkowski 
spacetime. It is possible to evaluate the integral in (|99[) performing the integration in the angular components 
of the vector k 



G F (x, x') = i 



{tt'f 2 
8ttR 2 Jo 



dfcfc 



sin (k\x — x'\) 
\x — x'\ 



(6{t' - t) H v (kt') H v {kt) + 6{t - t') H v {kt) H u (kt')) , (101) 



and then using the relation 6.672.3 of [19j to obtain 



G F (x,x') = -- 



1 1 



where P is the associated Legendre function, and p(x,x') is the de Sitter invariant distance given by 



p(x,x') 



r + t u -\x-x 



/|2 



Finally, the function G F can be expressed in terms of the hypergeometric function F, 



Gf(x, x) 



16ttR 2 cos(z/7r) 



F \-v 



3 l+p(a;,a; / )-i0 



(102) 



(103) 



This form of the function Gp coincides with the expression of the Feynman propagator computed in [l3j (see 
formula (A-16) of [l3|). The Feynman propagator (|103ll satisfies the inhomogeneous Klein-Gordon equation, 



2t 



with the boundary conditions 

G F (t,x,t',x%_. = 



G F (t,x,t',x') = (-g(t,x))- 1/2 5(t - t')5 3 (x- x') 



d 3 fc 



(t'ti) 3 / 2 H v {kt') H v (kt\) e-'(- _ -', 
G F (t,x,t',x% =t2 = ^{t%f' 2 HAkh)H v {U')^-^. 



AR 2 J (2tt) 3 

d3 fc un 



(104) 

(105) 
(106) 
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Finally, the amplitude in the theory with the source field results to be 



P[HMA^tu£i ® VW2) = (V'fc I'fe) ex P 1 / d4:E V-9{%)K X ) £( x ) 



x exp ( ~ / d A x dV y/g(x)g(x')ii(x) G F (x, x') (i(x') ) . (107) 



2 



[tl,*2 



This expression is independent of the times ti and ti as long as the source field [i vanishes outside the region 
[tijta]- Therefore the limit for asymptotic values of the times t\ and ti is trivial and we can then remove 
the restriction on the support of /i. Finally we interpret (|10T[) as the elements of the S-matrix for the theory 
with the source interaction, 



(■fel^l^i) = 1'^olV'ei) exp i / d A x^-g(x)\x(x)i(x) 

V J[tiM , 



xexpf^/ d A x dV y/g(x)g(x') fi(x) G F (x, x 1 ) »(x') ) . (108) 



2 



[ti,t 2 



B. General interaction 



Consider the action of a scalar field in the presence of an arbitrary potential V vanishing outside the 
spacetime region [ii,^], 



[tiM 



d 4 x^/-g(x)V(x, ( j ) (x)). 



(109) 



Following Q we use the technique of functional derivatives to rewrite the exponential of i times this action, 

5 



exp (}S [tltt2]tV (4>j) = exp M J ^ d A x^-g(x) V yx, ^JJ^^j J ex P ( iS [t u t 3 ]A^)) 



(110) 



where S\t lt t 2 ],n denotes the action for the theory with the source interaction (|77p. We can now perform all 
the calculations of the previous section by moving the functional derivative term in (|110p to the front. Then, 
the amplitude in the presence of the potential V can be immediately written as 



PltxMV^tutix ® ^t 3 ,fc,) = exp 



d 4 x\J — g{x) V ( x, 



8fjb{x) 



(111) 



fj,=a 



We notice first that the use of coherent states to compute the asymptotic amplitude is not indispensable 
and the same expression (jllll) results for generic states ipt!,i <8> tpt 2 ,2- Next, by recalling the independence 
from times t\ and ti of the amplitude in the presence of a source interaction, expression (|111|) also does not 
depend on t\ and t%. This allows us to remove the restriction on the potential V. The S- matrix elements 
can then written as 



(ih\Sv\ih) =exp j d^x^gJxjV L-ij^^j 



(112) 



VI. REGION WITH TIMELIKE BOUNDARY - FREE THEORY 



In this and the next section, we develop the quantum theory for a scalar field in the hypercylinder region 
defined in Section III Bl We will closely follow the treatment of Sections IIVI and [Vj 
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A. Field propagators 

We start by evaluating the field propagator ^r 01 , e2 ],o of the free theory associated with the region [gi, gj\, 
namely the region bounded by the hypercylinders of radii g\ and gi- The expression of ■^[ ei , e2 ].o results from 
the substitution of the action (|32l) in (|4Tfl) , 

z [euQ2\fl{Vi,V2) = N [exMfi exg> f~ J dtdft (pi pa) W [eiiea] fc)) ■ ( 113 ) 

where the W[ eije2 ] is a 2x2 matrix with elements given by (|3"3")l , l|34p and (l3"5")l . The propagator ^[ ei , e2 ],o must 
satisfy a composition rule analogue to (|44l). 



Z [ei,e 3 ],o(^i^3) = / fVa^leLeaj.o^ij^^.eaj.oC^,^). (H4) 
As in Section IIV A| this relation fixes the normalization factor appearing in (|113|) , 



i i? 2 1 N 1/2 



%i,e 2 ],o = det - — -J-— — . (115) 

The quantum evolution implemented by ^[ ei ,e 2 ],o turns out to be unitary since the following relation holds, 



V{ P2 Z[ ei , ea ],o( ( Pii<P2) Z [Qi,e2]fl{ { P'n { P2) = S((fi ~ <p[), (116) 

as can be easily checked using (|115j) . We now turn to the free field propagator associated with the region 
enclosed by the hypercylinder of radius g. The expression (|40[) with the action (|29p gives 

Z et0 (<p)=N llt0 exp(-\ J dtdQ<p(t,n)i^ g 2 kj^v(t,Q)y (117) 
The composition rule satisfied by Z Bt o involves the propagator ((11 31) . 

ei,e2],o 

This equation translates into the following equality for the normalization factors, 

N eu0 = N e2 , N [eue2h0 fv V2 exp (A |df dO* <*(t,n) ( -^T^fgg ^) (*•«)) • (H9) 



Using (|115|) . we find the solution, 



1 \ V2 



iV ei , =det — — . (120) 
1 Ji{kgi) 



We conclude this subsection by looking at the asymptotic limit of the field propagators (|113[) and (|117p . We 
expect to recover the corresponding field propagators defined in Minkowski spacetime where the notion of 
the hypercylinder was originally introduced, in particular we refer to Section IV A. 2 of [8]. The comparison 
between de Sitter propagators ()1 13[) and (|117p . and Minkowski propagators (74) and (75) of [8j, manifests 
only one significant difference: The presence of the quotient ^ in the expression of the former propagators. 
We notice that it is precisely this quotient that get canceled in the limit (|49|) , provided that k in (|1 13[) and 
(|117p equals \J E 2 — m 2 (for E 2 > m 2 ) appearing in the propagators (74) and (75) of @. This identification 
is consequently valid only for positive k. An alternative would be to replace k with Such change will 
receives its justification in the next section, where we introduce the vacuum state. 
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B. Vacuum state 

The Gaussian ansatz for the vacuum wave function associated with the hypercylinder of radius g reads 



1>eA<P) = C e ex P -o / Mdn<p(t,tt)(A e <p)(t,n) ) , (121) 



1 
2 

where C g is the normalization factor and A g denotes a family of operators indexed by g. Applying the same 
techniques developed in [18], we obtain the following form for the vacuum wave function, 

il> a , (<p) = C a exp(± J dMO^^,Q)|fc||j^>(t,Q)), (122) 

where hi is the spherical Bessel function of the third kind, hi = ji + ini, and the appearance of the modulus 
of k guarantees the normalizability of the vacuum state, as can be seen from the analytic continuation of 
the spherical Bessel functions (see in particular formulas 10.1.34-35 of [HI)- Based on these properties and 
the observation at the end of the previous section concerning the asymptotic limit of the held propagator, in 
the rest of paper the spherical Bessel functions will depend on \k\ and not k. C g is the normalization factor 
given by (up to a phase) 

i^i- 2 =/^-p(4 / dtdn ^ n ^m^w^ n) ) =det {^mw) 1/2 - (123) 

As in Section IIVB1 the phase of C e is fixed by the invariance of the vacuum state under free evolution, 



ipg2fi( ( P2)=J T>ipxi() gu o((px) Z [gug2]fi ((px,tp 2 ), (124) 
which implies the following identity for the normalization factors 

i hi(\k\g 2 ) 



C g2 = C gi N [gug2]fi J XViexp^-i J dtdfl^-tpi 



\k\Ak(gi, 02) hi(\k\gi) 



^det(^#2y 1/2 , ,125) 



M\k\oi) 

where ()115[) has been used. It can be easily verify that the above equation admits the solution 

( E \ V2 

C Q = det - . (126) 

\t^M\k\h{\k\g) ) 

The asymptotic limit of (|122| coincides with the vacuum wave function defined on the hypercylinder in 
Minkowski spacetime if |fc| = ^E 2 - m 2 (for E 2 > m 2 ), see (79) and (80) of Q. 

Now that we have at our disposal both their asymptotic limit, we can compare the vacuum state defined 
on the hypersurface of constant time t, (|56")) . with the one on the hypercylinder of radius g, (|122p . This 
amounts to compare the corresponding asymptotic Minkowski vacuum wave functions, which are related at 
spatial and temporal infinity as explained in [8[ . We then conclude that the same relation holds for the vacua 
d3nj) and 1(132)1 . 

The next step is the definition of coherent states on the hypercylinder. 

C. Coherent states 

The wave function of a coherent state defined on the hypercylinder of radius g, in Schrodinger represen- 
tation, is parametrized by a complex function 77, 



<P e>v {<p) = K g , n exp ( / dtdndkJ2m,m(k) \t\- 1/2 ^(kt)Y- m (Q) ^(t.O) ] $ e , (tp), (127) 

l,m 
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where the integration in k and the sum over the indexes I and m are defined as in (|22[) . The normalization 



factor K eiV results to be 



K B ,r, = cxp (-^2 / dfc E k2 M\ k \s)\ 2 [\m,m(k)\ 2 ~ m, m (k)m,-m(-k)] I . (128) 

V l,m J 

The inner product of two coherent states defined by the complex functions r\ and vj results to be 

^Wl«=exp f--^ / dfc^ fc 2 |^(|fc|e)| 2 [|^ m (fc)| 2 + hUWI 2 -2^ m (fc)^U(fc)l ■ (129) 



16 R 2 „ 

l,m 

The completeness relation satisfied by the coherent states satisfy can be written as 

D- l [dndYi 1^X^1 = 1, (130) 

with / being the identity operator and the constant D is given by 



D = Jd V drjexpl-^ JdkJ2k 2 \hi(\k\ Q )\ 2 \r,i, m (k)\ 

\ l,rn 



(131) 



Two coherent states parametrized by the complex functions 771 and 772 > defined respectively on the hyper- 
cylinders of radii q\ and £>2 are related by 



^2,772(^2) = / V<Pl'lpQuvd t Pl) Z [QUQ2],0('Pll'P2)- ( 132 ) 

This equality holds if the complex functions 771 and 772 satisfy 

As a consequence, the function t;^ m (k) — Tji tm {k)hi{\k\g) appears to be independent of the radius since it 
is preserved under free evolution. The interaction picture for coherent states will then be defined in terms 
of £, namely 



t- 1 / 2 ^,(fc7i)Y,- m (f7) 

l,m 

The normalization factor K e £ is equal to 



t/, eA (<p) = K e ^ exp J dtdOdfc^6, m (fc) - — ^o(y)- (134) 



^ =exp ri^ / dfc E fc2 (i^( fc )i 



2 ^/(l fc le) 



6,m(fc)6,-m(-fc) • (135) 



hi{\k\g) 

The completeness relation (|130[) in the interaction picture reads 

D- 1 J^\^)(^\ = I, (136) 

where the constant D is 

D= [d^d^exp\-^JdkJ2k 2 \e„M)\"\- (V.-17) 

l.m 
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The expansion of a coherent state in terms of multiparticle states reads 
i>Q,i{^) = ex P 



J l,m ) n=0 

X J dfci ■•• /" dfe n ^ 6i,mi(A;i)---^„,m„(fen)V ; e,(fci,ii,mi),...,(fe n ,2 n ,m n )(v)- ( 138 ) 

The state with n particles with quantum numbers (fci, Zi, mi), . . . , (k n , l n , m n ) has been denoted by 
4'g,(ki,h,m 1 ),...,(k n ,i n ,m n ) m the interaction picture. The inner product between a coherent state and an 
n-particle state is 



n,m„)|^,f) = exp -yg^j / dfc H fc2 |^. m ( fc )n 



\ l,rn 
X ^ 1 , mi (fel)---^,m„(fcn)^--- (139) 

D. Asymptotic amplitude 

We now have all the ingredients to evaluate the amplitude associated with the spacetime region enclosed 
by the hypercylinder of radius g, for the coherent state tpg^ defined on the hypercylinder, in the case of the 
free theory. According to (|42|) . this amplitude is 



PqA^q,s) = J T>i P' t PgA l P) Z Q,oi i P)^ 

= exp (--^ / dfc]T k 2 [\^, m (k)\ 2 + ^, m (k)^- m (-k)] J . (140) 
This amplitude is manifestly independent of the radius g of the hypercylinder. 

VII. REGION WITH TIMELIKE BOUNDARY - INTERACTING THEORY 

The study of the interacting Klein-Gordon theory in the spacetime region bounded by the hypercylinder 
will parallel the analysis performed in Section [V] We turn first to the theory describing the interaction with 
an external source field and we then conclude the section by the treatment of the general interacting theory. 

A. Theory with source 

The action of a scalar field interacting with a real source field fi has the form 



S e ,M = S e A4>) + / d 4 xy^g{x) fi(x) 4>{x), (141) 



where S g> o is the action of the free theory (f2U|) . The source field /i is assumed to vanish outside the spacetime 
region g, namely fj,(t,r,il)\ r ^ g = 0. 

1. Field propagator 

The field propagator can be expressed in terms of the field propagator of the free theory, 

z e ,M = ^^,oM exp (i f df dnM,(t,fi) — L-<p(t,n)) , (142) 
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where we used the expression of the field (j) in terms of the boundary field configuration tp, given by 
and we introduced the quantity 



Mt(t,Q)= dr^-g(t,r,Q)ji(\k\r)ti(t,r,Q). (143) 



The quotient of normalization factor appearing in the right hand side of (|142|) can be rewritten as follows, 



N e ,n ( i 



V„ 6XP / d4a; V /Z 9H <*(?) . ( 144 ) 

where the function a is a solution of the inhomogeneous Klein-Gordon equation 

ft 2 2t \ 

( — [d 2 t - A r - An] - — 2 d t + m 2 J a(t, r, Q) = p(t, r, O), (145) 
with vanishing boundary condition, 

a \ r = e = °- ( 146 ) 

We express the solution of (| 145)) with the boundary condition (1146)) in terms of the Green function G of the 
Klein-Gordon equation, 

g(x,x') = ^J dk^y{ttA ,2 .K{kt)^w^yr^)W^m(k,ry), 

where the function g\ is given by 



l , i n 



a(*,ry) = 0(r-r%-K|*|r)n^ (148) 

3i{\k\Q) 

The function a can then be written as 



a{x) = j d 4 x'y/-g(x')G(x,x')fi{x'). (149) 
By substituting this result in (I142[) . the field propagator takes the form 

Z g ^( V ) = Z e , (^)exp J dtdflMifon) * exp Q J d^dV^Wjti^WGfi^Xi')) ■ 

(150) 

B. Asymptotic amplitude 

The amplitude p e ^ associated with the spacetime region g, for the coherent state ip e £ defined on the 
boundary of this region is 



PgAi ) e,i) = I Vi Pi>e,d¥>) z eA¥>)- ( 151 ) 

Introducing the function £, given by 



&°> = h% fe^w '^twr'"' + « m H ■ (i52) 

we can define the new coherent state ip £. The amplitude (|151l) can then be expressed in terms of the free 
amplitude (|140l) for the new coherent state defined by the function £, 

Pe,Me,i) = Pe.oW'e.f) ^4 exp / d 4 ir dVv/ 5 (x) 3 (x') MOO G(x, x') m(z')J ■ (153) 
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Substituting the expressions (|140[) and (|135[) we arrive at 

PeA^e,t) =Pe,o(^ e ,i) ex P 6 J ^x^gjx) ii{x)£,{x)\ 

Xexp(~J d i xd i x'^g(x)g(x') n{x)[G(x 7 x') + 0(x,x')]n(x')J , (154) 
where the function £ is the complex classical solution of the Klein-Gordon equation parametrized by £, 

&0 = / dfcX>(l*k)* a (^, m (fc)>7W|i| 3/2 ^(^)-6,-m(-fc)yi m (0) |t| 3 / 2 Jft(fct)) , (155) 

l,m 

implying a one-to-one correspondence between coherent states parametrized by functions £ and complex 
solutions £. The function /3 in the right hand side of (|154l) is equal to 

P( X> x') = ^J dfc£fc 2 (^ 3/2 ^(fci):^^ (156) 

We denote by Gf the sum of the Green G and the function f3 that appears in the last exponential of (|154l) , 

G P (x, x') := G(x, x') + f}(x, x'), 

= 4^2 / dfc^fc 2 {tt'f 2 ^ {kt)M (kt>) Y{ n (CL)Y™ (17') 

l - m x(fl(r-r')ji(|feK)/n(|fe|r) + fl(r'-r)j I (|fe|r)^(|fe|r'))- (157) 

This function solves the inhomogeneous Klein-Gordon equation, 
+2 n f \ 

— [df - A r - An] - j^d t + m 2 J G(t, r, fl, r', f2') = (-<?(*, r, n))-^-^)^-/)^-^), (158) 
with the boundary condition 
G(t,r,n,t',r',n') 



r—Q 



POO 

J dk^k 2 (tt') 3/2 ^(fct)^(fe*')^ m (0)^ m TOi(|fck')^(|fc|e)- (159) 



The equivalence of (|157[) with the Feynman propagator Gp obtained in Section IV A 21 is shown in Appendix 
[Bl Finally, we write the amplitude p g41 as 

Pe>A^e,t) = PgAi>e,t) exp A ^ d^^-fffa;) M 35 ) 10*0^ 

x exp^y d 4 j;dV\/ff(i)s(i') /x(x) G f (x, x') /x(x') j ■ (160) 

Based on the result of Section IVI Dl no dependence on the radius g of the hypercylinder appears in the 
amplitude p e ^. Consequently, expression (|160l) coincides with the asymptotic amplitude for g — > oo. 

C. General interaction 

The asymptotic amplitude in the presence of a general interaction can be computed by means of the same 
functional derivatives techniques used in Section IV Bl In the present case, we require that the potential V 
defining the interaction vanishes outside the hypercylinder region, 

V((t,r,Q),(p(t,r,n)) =0, i£r>g. (161) 

The computation of the amplitude for a generic i\) e state on the hypercylinder gives the following result 

P e ,v(ipg) = exp J d A x^~g{x)V ^~' l J~j^j^j PqA^q) ■ (I 62 ) 

The amplitude in the presence of a source interaction, p e , M , does not depend on the radius of the hypercylin- 
der. We can then lift the restriction on V, and interpret (|162p as the asymptotic amplitude for the general 
interacting theory. 
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VIII. ISOMORPHISM 



Having in mind previous results obtained applying the GBF to the theory of quantum fields in Minkowski 
spacetime [7|,[8( and Euclidean spacetime [9], the similarity between the asymptotic amplitudes in the presence 
of a source field in the two geometries considered, namely, expressions (|108[) and (|160[) . should not surprise 
us. In particular, based on the cited works and on the appearance of the same Feynman propagator in these 
amplitudes, we expect the two amplitudes to be equivalent under the action of an isomorphism between the 
corresponding spaces of states. To be more precise the isomorphism "H tl (g> "H^ — > H e , where H Q denotes the 
Hilbert space associated with the hypercylinder, is determined by the identification of the complex solutions 
of the Klein-Gordon equation (|9"T|) and (I155[) . Indeed these solutions establish a one-to-one correspondence 
between complex classical solutions in spacetime and coherent states in 'Hi 1 (g)'Hjf 2 and Ti. e respectively. Hence, 
for a given complex classical solution we implement the correspondence iptt,£-L ® Tpt 2 .& ^ that fixes the 
isomorphism. The equivalence of the amplitudes f|108[) and (|160p is then realized if the free amplitudes (|75|) 
and (|140p coincide under the action of the isomorphism. 

Identifying the complex classical solutions (|97|) and (|155|) leads to the following relations for the modes 
£l, m (k) and £i,2(7c), 

^ m (k) = e^' 2 ^ J dQ k ^(k)Yr(n k ), &,-m(-fc) = -e- iu7r/2 ^ f dn k ^)Y^(Q k ). (163) 

where the angular coordinates fi/. determine the direction of the vector k. We substitute (|163[) in the 
expression of the free amplitude associated with the hypercylinder (|140[) , 



Pe 



,o(^,e) = exp "^^2 f° dfc / dfi * / dn^k'YrmYr^) 

\ l,m 

x (cm tig) - 26(fc)a(fc')) )■ (164) 

The sum over l,m is performed using the completeness relation of spherical harmonics, see formula (B.88) 
of 0, 

Pe ,o(^) = exp (-^ J ^ (|Ci(fc)| 2 + \Uk)\ 2 - 26® a©)) = PlnM.oi^ ®^). (165) 

This result proves the equivalence of the free amplitudes (|75|) and (|140l) . 

The map between coherent states V'ti.fi ® r 4 ) t 2 ,t,2 ^ ^PqX implemented by the isomorphism / H tl ®'Hl 2 — >• H e 
leads to a map between multiparticle states. We are interested here in the expression of a multiparticle state 
defined in one setting in terms of multiparticle states defined in the other setting. Consider a state with 
n particles in TA. tl ® Ht 2 with q incoming particles with quantum numbers . . . , k q and n — q outgoing 
particles with quantum numbers k q+1 , . . . , k n , denoted as 

^k^- ,k q \k q+1 ,- ,k n = 1^,-.*,) ® ^fe <f+1 ,-,fc n | J (166) 

where \ipk 1 ,---.k ) is g-particle state introduced in (|73|) . We want to evaluate the inner product between the 
state (|166jl and the n-particle state in 1-L e with quantum numbers {k\, l\, mi), . . . , (fc„, l n , m n ) introduced in 
(|139l) . Inserting the completeness relation of coherent states (|136p . 



(V'fe 1 ,-,fe 9 |fc <I+1 ,- J fe n l^(fei,/i,mi),...,(fe„,Z n ,m„)) =D J d^d^(V'fc 1 ,...,fejfe g+1 ,...,fc j JV'c)(V'dV'(fc 1 ,ii,m 1 ),...,(fe„,;„,m„))- 

(167) 

and using (f73|) , (|139[) . (| 13T|) and the relations (|163[) we perform the integration in d£d£ and obtain, 

(2 ^ \ 71 

x ir mi (n fel ) • • • y,- m "( n fcJ ^ - **) • • - M<*K+i + K+i) ■ -'t(K + *»)■ (168) 
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We can now write an n-particle state in T-L g as a linear combination of n-particle states in Ha <8> , 

^.-a.uw.-4.=(-i) w "'p^ E- E 

x '0(fci,ii, mi ),..., (fe g ,Z,,m,),( — ,i,+i,TO a +i),...,(— i,,l n ,m»)' (169) 

Reciprocally an n-particle state in "H tl ® "H* 2 is a linear combination of n-particle states in 

x ^-^LW-i,- ( 17 °) 

On the hypercylinder, the incoming or outgoing character of particle states is encoded in the quantum 
numbers, in particular in the sign of k. By means of the isomorphism (j!63|) between the Hilbert states 
associated with the different geometries considered, a particle in H g can be mapped, according to its quantum 
number, into an incoming or outgoing particle in Ht 1 or Ht 2 respectively. 



IX. SUMMARY AND OUTLOOK 



Let us summarize the results we have obtained. We have applied the GBF of quantum field theory to 
study a massive scalar field in de Sitter spacetime. Inspired by previous results obtained in Minkowski 
spacetime 0, H|, two different quantization schemes, associated with different spacetime regions, have been 
implemented and compared: in the first and more traditional one the region considered is of a time-interval 
type, namely the boundary of the region is the disjoint union of two equal-time hypersurfaces; in the second 
scheme, the scalar field is quantized in a region that incorporates key nonstandard features of the GBF, 
namely the hypercylinder region bounded by one connected and timelike hypersurface. After constructing 
all the relevant algebraic structures for the free theory, i.e., the Hilbert space, the field propagator and the 
amplitude associated with the regions in question, we consider the interacting theory, starting with the case 
of the interaction with a source field and then using functional derivative techniques to treat the general 
interacting theory. We then show the existence of an isomorphism between the Hilbert spaces defined in 
the two schemes and provide the explicit correspondence between the multiparticle states defined on the 
equal-time hypersurfaces with those defined on the hypercylinder. 

This work was first motivated by its obvious relevance for the GBF, in order to improve our understanding 
of its technical and conceptual aspects. Indeed the results presented here constitute the first application of 
the GBF to a field theory on a curved space. Furthermore, in the particular coordinate systems chosen the de 
Sitter metric is conformal to the Minkowski metric and we were able to show how all the relevant structures 
of the GBF in de Sitter space reduce to those computed in Minkowski space in the appropriate asymptotic 
limit. Such a correspondence not only constitutes a requirement the GBF in de Sitter has to satisfy, but also 
provides a useful tool to compare the vacuum states defined on the different hypersurfaces considered. What 
emerges from this is that the field theory of a massive scalar field in the de Sitter metric tends asymptotically 
to the field theory of a massless scalar field in the Minkowski metric. Based on these observations, we can 
extend to de Sitter space some of the conclusions discussed for the field theory in Minkowski space: In 
particular the crossing symmetry of the S'-matrix. As explained in the paper, the asymptotic amplitude 
for the hypercylinder geometry may be interpreted as the S'-matrix for the scalar field, and because of the 
connectedness of the boundary hypersurface no a priori distinction exists between incoming and outgoing 
states. The usual notion of crossing symmetry becomes consequently implicit in the hypercylinder geometry. 

So, the GBF of the field theory in the hypercylinder geometry provides a new perspective on the quantum 
dynamics in de Sitter space. We have indeed obtained a new representation for the de Sitter invariant 
Feynman propagator in the hypercylinder region, (I157p . and the corresponding spatially asymptotic boundary 
condition (j!59p for the non-homogeneous Klein-Gordon equation. Moreover, the propagator (|157l) is of the 
Hadamard form, implying that the vacuum state (j!22[) corresponds to the Bunch-Davies vacuum [2l| defined 
on the hypercylinder. Hence, apart from its significance for the development of the GBF, our result represents 
a contribution to the development of the Schrodinger representation for quantum fields in curved spacetime. 
Besides the representation of the Bunch-Davies vacuum, the definition and use of coherent states in the two 
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settings considered here, in the Schrodinger representation, not known previously, constitute a novelty of 
our paper. 

As a possible application of the results presented here, we mention the study of the response of the 
detector moving in the radial direction, i.e. from one hypercylinder to another one of different radius, and 
the comparison with the well known thermal bath of radiation perceived by an observer moving with proper 
time t, [2j. 

The implementation of the GBF quantization scheme for more general spacetime regions and boundaries 
represents a line of future research; in particular compact regions, whose boundary hypersurface includes 
timelike as well as spacelike parts, will be the main focus. The field theory defined in such kind of regions 
will provide a fully local description of the quantum dynamics, and it will be interesting the study how a 
particle concept (associated with the boundary of the region) could be implemented and compare it with the 
standard notion of particle. A possible direction along this line is the use of a different coordinate system to 
describe the de Sitter spacetime [2|. 

We conclude by mentioning a new quantization scheme for the GBF recently proposed by Oeckl in 
The ability to recover the results presented here may constitute an important test for Oeckl's proposal. 
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Appendix A: Mode expansion on the hyperceylinder 



We define in this appendix the inner product for the modes (f2"3"j) . Consider the 2-form uj on the space 
of solutions of the Klein-Gordon equation in spherical coordinate ([20"]) , associated with the hypersurface 
composed by two hypercylinders of radii q\ and with a bottom cover at t = ii, 



u(uk,i,m,Uk<,i<,m') = I dt I df2 \Jgi 3 \t, Q) ( ui jm , n (t,r, Q) d r u k > ,i> , m > (t, r, fi) 



o. 



+ I dr I dQ Vft (3) (r,0) I ■(t,T,Q)dt (*,r,fi) 



(Al) 



where g). (t, f2) and g t (r, 57) are the 3-metrics induced of the hypercylinder of radius r and the disk at time 
t respectively; also we adopted the following notation, 

o \ d d 

Uk,i, m {t,r,Cl) d t u k >,i',m>{t,r,£L) I = u k ,i, m (t,r,Q) —u k ,j^ m ,(t,r,9) - u k ',t>, m >(t,r,Q,) —Uk,i, m (t,r,Q). 

(A2) 

The substitution in (|A1[) the expression (f2"B")) of the modes Uk,i, m gives 



u{u k ,i,m,u k ,M, m ,) = R z J dt J dQY/"(Q)Y^ (Cl)tH u (kt) H v {k't) q\ 
x ((cLjl(kr) + c^ni(kr)) d r {ciji>{k'r) + c 2 nj/(fc'r)) 



- R J dt J dQY^ityY^ (Q)tH u (kt) H v (k't) gf 
x ((c^ji(kr) +c^ni(kr)) d r (cijV(fc'r) + c 2 n//(fcV)) 



drr 2 / dfLY^ityYp (fi)(cT ji{kr) +mn l (kr))(c 1 j l ,(k'r) + c 2 n v {k'r)) 



x t x ( H u (kt) d t H v (k't) 



(A3) 



t=ti 



2(> 



The integration in the angular variables gives 8i t i>5 m>m i. We then notice that 

"02 



drr 2 (ciji(kr) + c 2 m(kr))(ciji(k'r) +c 2 n ; (fc'r)) 



fc' 2 



(ciji(kr) + c 2 m(kr)) d r (ciji(k'r) + c 2 nz(fc'r)) 



(A4) 



where we used the formula 5.11.8 of [15j. We also can rewrite the last line in (|A3|) as 



h H u {kt) d t H v (k't) 



{k 2 -k' 2 ) \ dttH v (ki)H v (k't), 



= (fc 2 -k' 2 )F[H v ,H v ,k,k'\ (ti), 

where we have introduced the notation 

F[H^,H v ,k, fc'] (h) = - (k'H^(kt) H v -!{k't) - kH~[{kt) H v {k't)) 

The integral of product of Hankel functions can be written as 

2 

dttH v {kt)H v (k't) = —=8{k-k')- F \H u ,H u ,k,k'] (ti). 
Vfcfc' ! 

Combining all this in (|A3[) yields 



(A5) 
(A6) 

(A7) 



w(Uk,l, m ,V>k',l',m') = 8l,l' 8n 



0. 



2R 2 

Vkk* 



S(k-k')r (ex ji(kr) + c 2 ni(kr)) d r (cxji(k'r) + c 2 ni(k'r)) 



r=Bl 

(A8) 



Therefore we can conclude that the following structure 



w(«iM,m,ufcM',m') = R 2 J dn^ m (n)i7 (n) (J dttH„(kt)H„(k't)r 2 

x f {ciji(kr) +C2~ni(kr)) d r (cijV(feV) + c 2 n;/(fc'r))^ 

dr r 2 (cTj/(fcr) + c 2 ~n l (kr)) (cijp(fc'r) + c 2 n v (k'r)) 

x *! fe(fci) S fl^tf*) 
expressed in therms of the modes Uk,i >m as 

w(lifc,i,mj ,m') = / dt dflJg r 3 \t,fl) (ui tm , n (t,r,tl) d r Uk>,l>,m>{t,r,D,) 



(A9) 



+ I dr I df>V<? t (3) (r,^) ( (t,r,n)d t (*,r,n) 



(A10) 



t=ti 



is independent of ti and r. The above expression defines the conserved inner product on the space of solutions 
of the Klein-Gordon equation. 

With the result just obtained we can expand the field configuration fi) defined on the hypercylinder 
according to the formula 



dfc^ rrm \tfi 2 ,?e v {kt) ipi, m (k), 



I, in 



and the inverse relation for the modes ipi^ m are expressed as 



rXm {k) = I dtdoy;- 7 "^!*!- 1 / 2 j%,(kt)^ <p(t,si). 



(All) 



(A12) 



The appearance of the modulus of t and fc in (|A11[) and (|A12p guarantees the reality of the modes ip(t, O). 
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Appendix B: On the expression of the Feynman propagator in the hypercylinder geometry 

In this appendix we prove the equivalence of the propagator (| 1 57[) derived in the hypercylinder geometry 
with the Feynman propagator obtained in the time- interval setting of Section IV A 21 The first step consists 
in summing over / and m in (|157p according to the following relation (see formulas (B.98) and (B.100) of 

f = M E ^(^WM Mr - r'mklr'Mlklr) + 6(r> - r)^ (1^10^ • (Bl) 

47T \x — x'\ 

So, we obtain for Gf the form 

Gf(x,x') — — — — -/ dk\k\S k ^\{tt'f/ 2 je v {kt)^{kt'). (B2) 

16ttR z \x — x'\ 7_ oc 

Then, we rewrite the exponential as 

e Ak\\x-x\ = Um / d e 

e -tf>+ g 2 -/c 2 -ie 

We substitute in (|B2|) . invert the order of the integrals and perform before the integral in dk, 

G F (x,x') = i_L____y dgge 1 ^l(^ / -t)^(|#)^(|#)+e(t-t')^(|#)^(|# / )) ) 

(ft') 3 / 2 f°° sm(a\r, - 

= [ 8^~ J dqq \x-x'\ " * } ^ [qt ' ] + 0{t ~ ^ ^ {qt) ^ {qt '^ ' 

(B4) 

which coincides with (|101[) since Mi, (x) ffl v (y) = H v (x) H v (y) due to the relation (|2"o]l . This concludes the 
proof. 
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